
Pre-Test 2–(answers with hints)

Problem 1: Answer B.

Hint for Problem 1: This is an integral of the type∫
f(g(x)) g′(x) dx,

where the substitution u = g(x) is useful. In the given case, make the substitution

u =
π

2
lnx.

Problem 2: Answer A.

Hint for Problem 2: The average value fave of a continuous function f(x) on the
interval x ∈ [a, b] is

fave =
1

b− a

∫ b

a
f(x) dx.

To perform the definite integral of the given rational function, use the following Ansatz
for the sum of partial fractions:

2x+ 4

x(x2 + 2x+ 2)
=
A

x
+

Bx+ C

x2 + 2x+ 2

and calculate the constants A, B and C.
For more details on all the different options for integrals of rational functions, see pages 178
to 184 in Appendix B of the ebook A First Course in Ordinary Differential Equations
accessible at
bookboon.com/se/a-first-course-in-ordinary-differential-equations-ebook

Problem 3: Answer C.

Hint for Problem 3: For the area we have to evaluate the definite integral

Area =

∫ 1

0

x2√
1− x2

dx.

Since the integrant contains the term
√

1− x2, we use the trigonometric substitution

x = sin θ, −π
2
≤ θ ≤ π

2
.

This leads to the definite integral∫ π/2

0
sin2 θ dθ,
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for which we use the identity

sin2 θ =
1

2
(1− cos(2θ)) .

For a list of useful trigonometric substitutions, see page 172 in Appendix B and for a
list of useful trigonometric identities, see page 184 in Appendix B of the ebook A First
Course in Ordinary Differential Equations accessible at
bookboon.com/se/a-first-course-in-ordinary-differential-equations-ebook

Problem 4: Answer D.

Hint for Problem 4: Apply the given reduction formula twice. For more details on
this reduction formula, see Statement 2 on page 182 and the example on page 183 in
Appendix B of the ebook A First Course in Ordinary Differential Equations accessible
at
bookboon.com/se/a-first-course-in-ordinary-differential-equations-ebook

Problem 5: Answer B.

Hint for Problem 5: Note that this is an improper integral of Type II:∫ 1

0
x lnx dx = lim

t→0+

∫ 1

t
x lnx dx.

To calculate the proper integral∫ 1

t
x lnx dx,

make use of the integration by parts formula∫ 1

t
f(x)g′(x) dx = f(x)g(x)

∣∣∣∣1
t

−
∫ 1

t
f ′(x)g(x) dx

where, in this case,

f(x) = lnx, g′(x) = x.

For details on this formulation of the Integration by parts formula, see page 177 in Ap-
pendix B of the ebook A First Course in Ordinary Differential Equations accessible at
bookboon.com/se/a-first-course-in-ordinary-differential-equations-ebook

Recall also the special limit

lim
t→0+

ta ln t = 0 for all a > 0.

For details about this special limit, see paragraph 3.4 on Growth and Decay in the Calculus
book by Adams (Theorem 5 page 184).
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Problem 6: Answer A.

Hint for Problem 6: Use the method of cylindrical shells, so that the volume increment
∆V is

∆V = 2πx(x2 − x5) ∆x

and the volume of the solid of revolution is

V = 2π

∫ 1

0
x(x2 − x5) dx.

For a summary of definite integrals to calculate the volumes of solids of revolutions when
plane areas are rotated about the x- or y-axes, see paragraph 7.1 in the Calculus book by
Adams on page 398.

Problem 7: Answer B.

Hint for Problem 7 I: The arc length s of the curve y = f(x) from x = a to x = b is
given by

s =

∫ b

a

√
1 + (f ′(x))2 dx.

For details on the calculations of the arc length for such curves, see paragraph 7.3 in the
Calculus book by Adams on page 405.

Hint for Problem 7 II: The surface of revolution S when the curve x = g(y) is rotated
about the x-axis in the y-interval [c, d] is given by the definite integral

S = 2π

∫ d

c
|y|

√
1 +

(
dg

dy

)2

dy.

For details on the calculations of surface areas for such curves, see paragraph 7.3 in the
Calculus book by Adams on page 409.

Hint for Problem 7 III: This is an application of the Fundamental Theorem of Calculus
part a (see paragraph 5.5 in the Calculus book by Adams on page 311).

Hint for Problem 7 IV: This integral is an improper integral of Type II, as the function
1/x has a vertical asymptote at x = 0 and the integral diverges as x approaches 0 from
both sides. For details about improper integrals, see paragraph 6.5 in the Calculus book
by Adams on pages 360 to 367.

Problem 8: Answer D.

Hint for Problem 8: We first apply the integration by parts formula on the indefinite
integral

∫
u(x)u′′(x) dx to obtain∫

u(x)u′′(x)dx = u(x)u′(x)−
∫

(u′(x))2 dx.
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Thus ∫ [
u(x)u′′(x) + (u′(x))2

]
dx = u(x)u′(x).

For the given definite integral, we then have∫ 1

0

[
u(x)u′′(x) + (u′(x))2

]
dx = u(x)u′(x)

∣∣∣∣1
0

= (−1)(−2)− (1)(3) = −1.


