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Abstract

We show that the free Schrödinger equation admits Lorentz space-time transforma-
tions when corresponding transformations of the ψ-function are nonlocal. Some con-
sequences of this symmetry are discussed.

It is well known that the three–dimensional Schrödinger equation

Sψ = 0, where S ≡ i∂t +
1

2m
∆, (1)

which is one of the basic equations of nonrelativistic quantum mechanics, is invariant
under the Galilean transformations and it is not invariant under Lorentz transformations.
The purpose of this paper is to show that it is possible to consider (1) to be invariant
under the Lorentz space–time transformations. A new possibility arises when one adopts
a non–Lie approach initiated in [1, 2] and further developed in [3–6].

The symmetry operators of (1)

Ga = t∂a − imxa, a = 1, 2, 3 (2)

generate the Galilean transformations (va = const)

x′
a = xa + vat, t′ = t,

ψ′(x′) = exp
{
im

(
~v · ~x+

1
2
~v2t

)}
ψ(x),

(3)

which leave equation (1) invariant (for more detail see, for example, [6]).
Let us consider the operators

Joa = t∂a + xa∂t + imxa

(
1

2m2
∆− 1

)
. (4)
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It is easy to see that on the manifold of solutions of equation (1) operators (4) coincide
with those given in (2) and, hence, the former ones are symmetries of (1). Unlike (2),
operators (4) are of non-Lie type, and to find final transformations generated by (4), one
can use the method suggested in [4, 6]. In particular, one obtains

x′
µ = exp

{
va(t∂a + xa∂t)

}
xµ exp

{
va(t∂a + xa∂t)

}
, µ = 0, 1, 2, 3; x0 ≡ t; (5)

ψ′(x′) = exp
{
va(t∂a + xa∂t)

}
exp

{
−vaJoa

}
ψ(x). (6)

Expression (5) leads to the Lorentz space-time transformations (for more detail see [6],
Appendix 3). Transformations which follow from (6) are nonlocal.

This example of Lorentz space-time transformations for the Schrödinger equation as
well as examples of Galilean space–time transformations for Dirac, Maxwell, and some
other equations considered in [4-6] demonstrate that the Galilei and Lorentz space-time
symmetries are not mutually exclusive in a physical theory. There is a bridge between
them and this bridge rests on nonlocal transformations.

Remark 1. It should be noted that operators (4) together with the generators of rotations
Jab = xa∂b−xb∂a do not form a Lorentz algebra. They satisfy the following commutation
relations (the operator S is given in (1))

[J0a, J0b] = −JabS/m, [Jab, J0c] = δbcJ0a − δacJ0b,

that is, they form a Galilei algebra on the set of solutions of (1).

Remark 2. Solutions of the Schödinger equation (1) invariant under (4) coincide with
those invariant under (2), but using transformations (5), (6) they can be given different
interpretation.

I’d like to thank Arthur Sergheyev for fruitful discussions.
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