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since ¢ is a subspace of dimensiok, O k linearly

indepeneént \ectors o, g1, ... @«x.1 Which span”

the correspondee (mapping)d — € is thus maturaly written

as
€ = Upgo *---+Uxk—18k-1
in matrixform, ths is
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is the so-called enerator maik for ¢

Block Code Fundamentals

» we will consider only(n,k) linearblock codesoverthe binary
field F24 ({0, 1}, +,-)

. Fg A the n-dimensional vect@pace ogrF,

+ the elementsof Flare tre 2 n-tudes v = [vo, Vi, ..., Vo)

which weconsiderto berow vectors

¢ Definition An (n, k) linear block coce ¢ with daaword

lengthk and codewordlength nis a k-dimensiol subspace

of F)

o therear e 2% datawordsw = [uo, W, ..., W] and 2¢

corresponding codewords=[co, ¢, G-1] in the coee C.

« {g;i} beinglineaty independent
0 G hasank k

0 G maybe row reduedandputin the form

G=[r:P]
(after possible column swappinghich permutesthe order of
the hits in the codk words)

« the nul space ¥ of the subspace” has dimension n-k ani$

spanned ¥ n-k (linearly indepenént vectors

ho. .-+ k-1

« since eah ke CT, we must have for gree ¢ that

eh’ =0,0i

« further, if & F3, butx [ C, thenx by # 0,0l



» we may put this ina morecompact matriXorm by defininga

so-called paritycheckmatrix H,

O hy -O
i = 0O
o mh g
HARQ : O )
% Eﬂ—k—l -0
u En—k)xn
so that
eHT =0

if and oty if es C
. supposet has w 1's(i.e., the Hamming weightof ¢,
Wy (€)=W) andthe Iccations ofthose 1'sarePy, Py, ..., Pw

* then the computaton eH' =0 effectively adds W rowsof
H', rowsPy, P, ..., Py, to obtain tke vector 0 oneimportant
consequencef this factis that the_minimum distage d,i, (=

minimum weght Wy,,) of € is exactlythe minimum number

of rows of H which can ke addedogetherto oktain 0

Low-Density Parity-Check Codes

 note that the paity-check matrix H is socalled becauseit
performsm := n-k separate paritychecks ona receivedvord
y=c+e

Example with H' as givenabow, the n-k=3 paiity checks

?
implied by yH' = 0 are

Yo+ B+ Y2+ Ya? O
Yo + Y1 + y3 + y5 ? 0
Yo + Y2 + y3 + Y 2 O

* a low-density parity-check (LDPC) code isa linear blak
codefor which the paity-checkmatrix H hasalow densityof
1's

Example (7,4)Hamming Code
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« we can see that no two rows sumQGpbut row 0+ row 1+

row 6 =0

O dmin=3

Definition a regular(n,k) LDPC code isa linearblock code

whose paritycheck matrixH contains e&ctly W, = W¢(n/m) 1's

per row, where W<< m.

Remarks
* note multiplyng both sides of W, << m by n/m implies
W<<n.

¢ thecode rate ~ k/ncanbe computedrom
W _

PV We _ o, We

W, W,

e W, > 3 isa recessityfor goodcods (Gallager)if H is low
density but if the number of 1'sper column or row is not

constantthe codeis anirregular LDPC code

¢ LDPC codes werinventedby Robert Gallagerof MIT in his
PhD dissertation1960). Theyreceivedvirtually no attention
from thecoding communityuntil the mid-1990’s.



* note from tle result developecatier,
dmin = minWy (€), € 20: ¢HT =0},

we should exect reasonablyesigned LDPC codes to hawe
large Ghin

« this is kecausehe operaton eH ' adds selectedows of H
(columns of H) andt would take a large numberof such

colums tosumto 0 if H is sparselypopulatedwith 1’s.

Representation of Linea Block Codes viaTanner Graphs

» one of the very few reseachers who studed LDPC codes
prior tothe recemnresurgence is Michael Tamm of UC Santa

Cruz

» Tannerconsidered LDPC codes (and a genemlization) and
showedhow they may be representeceff ectively by a so-
called bpartite graphnowcall a_Taner giaph

Definition a bipatite gr aph is a graph (nodes or vertices

connectedby undirectededges) whose nodes mdye seperated
into twoclasses, andvhereedges may only conred two nodes

not residng inthe samelass
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Example W.=3
b1 1 0 o 0
] O
I]o 0 0 0 0
00 1 1 0 0
O 0
|]0 0 0 0 A
El 0 1 1 B
51 0 0 0 0
HZSO 0 0 1 ---%
0o 0 0 0 0
Ho 1 o0 1 u
(] a
0o 0 1 0 0
O o 0
] O
O * 0
H . i

noteary two columns hag an ovelap of at most om 1; also

the sparse propgrallows us taminimize such osrlap

aconseqance of thisis that the sumof thecdumns shown is

nonzero
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the two classes of nods ina Tanrer graph are the (cock bit

nodes (or_wriable node9 and the check nodes(or function

nodes)

the Tanner graph of a code is dr awn accordingto the

following rule:

checknode jis conrectedto bit noc i

wheneveelement H inHisa 1

onemay deduce from thisthat there ae m = n-kcheck noés

and n it nodes
further, the m rows of H specgif the m cleck node

connectionsand the n columns of H specify the n bit node

connections

12



Example (10 5) block code with W, = 2 and W, = W(n/m) =4.

11110000 0 00
90001110005
H=® 1 0010011 00
001001010 17
M 0010010 1 1f

» observe tht nodes g ¢, ¢, and g are conectedto node § in
accordnee with the facttha in thefirst row ofH, hyg = hg; =
ho,= hoz= 1 (all athersequal zero)
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Definition a cycle of lengthl in aTanrer gragh is apath
comprisingl edges whicftloses back oitself

 the Tannergraphin the abowe example possesseslangth-6
cycle asmadeevider by the 6 boldedges irthe figure

Definition the gith of a Tan®r gaphis the minimum cygle
lengthof the gaph

* the shortest possible dg ina bipatite graphis cleaty a
length-4cycle

* length-4cycles maniést themselves inthe H matix as four

1's that lie orthe cormrs ofa submatrix bH:

a b
r s D ees D
4 1p
H= O - O
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 (for convenerce, tte first rowand frst cdumn of Hare

assigned aimdex of 0)

« observe amralogous sitationfor f f, f3andf,.

 thus, adollows from the fact thateH " =0, the bt values

connectedo the same abcknode must sum teero

« notethatthe Tannergraphin this exanple is regular. eachbit
node is ofdegee 2 (las 2edge connectionrendeachcheck

node is ofdegee 4)
« this isin accorcance with the factthat W,= 2 andW, =4

¢ we also see frorthis why W, =W,(n/m) forreguar LDPC
codes:

(# bit nodes) (i node degree)= nW,
must equal

(#checknodes) (check neddegreer mwW,
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¢ length-6cyclesare not gite aseasilyfoundin an Hmatrix:

r s t abec
rf 1 0
H:s% 15
a b ¢ tE 1 1f

« we areinteresedin cycles, @rticularly shortcycles because
they have a regative impact ornthe decodinglgoiithm for
LDPC codes asvill bemadeevidert below
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Encoding

asindicatedabove, once Hs generated, it mage put in the

form H =[PT:I] from which the ystematic form of th
generator maix is oktained:

G=[r:p
encodingis performed via
c=uG=[u:uP|,

althoughthis is more complexthan it appears forcamcity-
approachhg LDPCcodes (rlarge)

Example Consier a (10000 5000) linear block code.  Then
G =[I:P] is 5000x 10000and P is 5000 x 5000. We may

assume thahe densityof ones in Pis ~0.5

O theeare ~ 0.5(50068)= 12.5x 10° onesin P

0 ~ 12.5x 1¢ addition (XOR) operationsare requiredo
encode one codeword
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Selected Reslts

we present herselected performance curves from the
literature to denonstrae the efficacy of LDPC codes

the @pers from which tlese pots wee takenare listedin the

referemce sectiorat the endf the nde set

we indicatethe papereachplot is takenfrom to ensureproper
credt is gven
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Richardand Urbanke (2001) h ave proposed a lower
complexityencodng technque basean the H matrix (nd to
be discussedene)

an alterative approach tsimplified encodingis todesignthe
LDPC code v ia alg ebraic, geometric, or combinatoric
methods

such “structured’codes lendthemselves tsimple encodrs
based on shifregstercircuits

since they are simultaneously LDPC cods, the same
decodingalgoiithms apply

LDPC codes basedn cyclic codes will be briefly discussed
later
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MacKay (March 1999, Trans IT)

¢ MacKay (and others) re-invented LDPC codes in the late

1990's

¢ hereare selectedidures from his @per (see his gper for

code construction cetails; his codesar e regularor nearly

regular)
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Fig. 11. Short-blocklength Gallager codes’ performance over Ganssian chan-
nel (solid curves) compared with that of standard textbook codes (dotted
curves). Vertical axis shows empirical bit error probability. It should be
emphasised that all the block erors in the experiments with Gallager codes
‘were detected errors: the decoding algorithm reported the fact that it had failed,
Texthook codes: as in Fig. 9. Gailager codes: From left to right the codes
had the following parameters (N, K, R): (1008, 504, 0.5) (Construction 1 A);
(504,252,0.5) (1A).
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MacKay (cont'd)
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Fig. 9. Gallager codes’ performance over Gaussian chunel (solid curves) compared with that of standard textbook codes and mkv( the-art codes (dotied
curves). Vertical axis shows empirical bit ewor probability. 1t should be emphasised that all the block ervors in the experiments with Galiager codes were
detected emors: the decoding algosichm reported the fact that it had failed. Panel (a) shows codes with rates between about 1/2 aod z/: panci (b) shows codes
with rates berween 1/4 and 1/3. Textbook codes: The curve labeled (7. 1/2) shows the performascs of  rie 1/2 convoluional code ith consiri e
7, known as the de facto standard fo satellte commasications [29). The curve (7,1/2)C shows the performance of the concatenated code composed of the same
convolutioral code and a Reed—Solomon code. State of the art: The curve (13,14C shows e perfornarce olnuxrnmdy expensive and compucer intensive
concatenated code developed at JPL bused ou a constraint Jength 15, rae 1/4 convolutional code (data courtesy of R. J. McElisce.) The curves labeled Turbo
mwmepmmmnrnummmmmwm 1), u||m4m=m=1/ code reported In (21). Gallager codes: From left to right
codes had the following parameters (N, K, R). Panel (x): (65389, 32621.0.499) (1B): (19639.9839.0.496) (1B): (29331.19311.0,659) (1B). Panel (b):
(40000, 10000,0.25) Comemocion 287 (mu' 9507,0,322) (2B); (14971.4971,0.332) (ZB; {15000, 5000.0.333) (2A); (13298,3296,0.348) (1B),
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* the results hawb eenspectacular, with performan ce
surpassing the beturbo cods

Richardson et al. Irregular Codes

 the pots below are for a (3, 6) — regu lar LDPC code, an

optimizedirregularLDPC cod, andaturbocode

- thecode parameters avé (16, 2 10°) in dl cases

10?2 ¢
107 ¢

10

1.0 0.977 0.955 0.933 092 0.891 0.871 0851 o

e

0.158 0.153 0.147 0.142 0.136 0.131 0.125 0.12 Py
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Irreqular LDPC Codes

« our discussionsabove favoed regular LDPC codes for their
simplicity, although ve gawe examples ofirregular LDPC

codes

e recall an LDPC codeis irregular if the numberof 1's per
column of Hand/orthe number ofl’s perrow of His allowed

to vay

¢ in termsof the Tannergraph, tis means tht the bit node
degree anfdr the check nodedegee s allowed to vary (the

degree o nock isthe number oédgesconnected tat)

¢ a nunber of reseachers lave examned the optiimal degree

distributionamongnodes:

- MacKay, Trans. Comm., Octeb 1999

- Luby, etal., Tans. T, Februay 2001

- Richardson, et alTrans. IT, Februgr2001
- Chung, etal.,, Comm. Letters, Febaty 2001
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Richardson et al. ¢ont'd)

plot below: turbo codes(dashed)andirregular LDPC codes
(solid); for block lengths ofn=1C, 1¢!, 1¢F, and1C; all rates

are %

e i
e .

0.0 0. 0.4 0.6 0.8 1.0 1.2 1.4 1.6 EyN,[dB]

10 05877 0955 0833 0912 0891 0871 0851 0832 0813 o

— e

0159 0.153 0.147 0142 0136 0431 0425 012 0115 0.109 Py
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Chung et al Irregular LDPC Code Kou et al. LDPC Codes (GlobeCom 2000, also Trans. IT
2001)

« the dot below is of two sepaate ¥ (107, 12/ 10) irregular
LDPC codes « various LDPC coes basedn Euclidean geometries (B@nd
Projective geometries (R3)

M, (e8)

Figure 4; Bit-error probabilities of the (255, 175) EG-LDPC code,
(273,191) PG-LDPC code and two computed searched (273,191) Gal-

lager codes.
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Kou et al. (cont’d) Kou et al. (cont’d)

Figure 8: Bit- and block-error probabilities of the (16383,14179) EG- Figure 10: Bit- and block-error probabilities of the (65520,61425) EG-
LDPC code. LDPC code based on IDBP.
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