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Block Code Fundamentals
�

• we will consider only�  (n,k) linear block codes over the binary

field  F2∆  ({0, 1},  +, • )
�

• n�
2

�  ∆
	

 the n-dimensional vector space over 2

• the 



elements of n�
2are the 2n�  n-tuples  v  = [vo, v1, …, vn-1]

�

which we � consider to be row vectors

• Definition



 An (n, k) linear block code � with da� ta word

length
�

 k and codeword length n is a k-dimensional subspace

of � n�
2

• there



 ar e 2 k
�
 datawords u�  = [u0, u1, …, uk-1

� ] a
�

nd 2k
�

corresponding codewords � c� =[c0, c1, cn-1� ]
�
 in the code �  .
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• since �   is a subspace of dimension k, ∃ k linearly

independ
�

ent vectors g� 0, g
�

1, …, g
�

k-1 which span �

• the corresponden
�

ce (mapping) c�u →  is thus naturally written

as

110
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k
� g ug uc! "

• in matrix
�

 form, this is
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     is the so-called generator matrix for -

4
.

• { }i
/g0  being linearly independent

⇒  G has rank k

⇒  G may be row reduced and put in the form

[ ]P
1

I
2

G 3=

(after possible column swapping which permutes the order of

the b



its in the code words)

• the nu



ll space 4  ⊥
5
 of the subspace 6   has dimension n-k and is

spanned by n-k (linearly independent vectors
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• since each εi<h
: =

 ⊥
5
, we must have for any εc> ?   that
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• further, if εxE n�
2, but ∉xF G , then ih
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B
i
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D
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• we J may put this in a more compact matrix form by defining a

so-called parity-check matrix H,

,
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c\
       if and only if εc� ]

• suppose c�  has w 1’s (i.e., the Hamming weight of  c� ,

W
�

H(c� )=W) and
^

 the locations of those 1’s are Ρ1, Ρ2, …, ΡW
_

• then the com
�

putation 0
Y

=THc\  effectively adds W rows of

HT,  rows Ρ1, Ρ2, …, ΡW, to obtain the vector 0
`

 one important

consequence a of this fact is that the minimum distance dmin  (=

minimum weight Wmin) of
^

 b   is exactly the minimum number

of  rows of Hc T which can be added together to obtain 0
`
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Example (7,4)
d

 Hamming Code
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• we can see that no two rows sum to � 0
k

, but row 0 + row 1 +

row 6 = l 0
k

⇒  dminm  = 3

=========
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Low-Density Parity-Check Codes

• note that the parity-check matrix H is so called because it

performs n m := n-k separate parity checks on a received word

eocpyq +=

Example with HT as given above, the n-k=3 parity checks

implied by 0
r?

=THys  are
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• a low-density parity-check (LDPC) code is a linear block

code a for which the parity-check matrix H has a low density of

1’s

8

Definition  a regular (n,k) LDPC code is a linear block code

whose parity� -check matrix H contains exactly Wr{  = Wc(n/m) 1’s

per row, where W|
c <<  m.

Remarks

• note multiply} ing both sides of  Wc << m by n/m implies

W
~

r<<n.

• the 



code rate r = k/n can be computed from

r

c�
r

c�r
W

W

W

WW
r −=

−
= 1

• W
~

c ≥  3 is a necessity for good codes (Gallager) if  H is low

density
�

, but if the number of 1’s per column or row is not

constant� , the code is an irregular LDPC code

• LDPC codes wer
�

e invented by Robert Gallager of MIT in his

PhD 
�

dissertation (1960).  They received virtually no attention

from the 
�

coding community until the mid-1990’s.

=========
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• note from the result developed earlier,

{ },0
t

:0
t

),
^

(min�
min� =≠�= T

�
H

� H
�

c�c�c�Wd
�

we should expJ ect reasonably designed LDPC codes to have

large dmin

• this is b
�

ecause the operation THc\  adds selected rows of HT

(columns of H) and it would take a large number of such

columa ns to sum to 0
`

 if H is sparsely populated with 1’s.
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Example
d

 Wc=3
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H
�

• note any two columns have an overlap of at most one 1; also

the sparse proper



ty allows us to minimize such overlap

• a consequence of this is that the sum of the columns shown is

nonzero
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Representation of Linear  Block Codes via Tanner Graphs

• one c of the very few r esearchers who studied LDPC codes

prior ton  the recent resurgence is Michael Tanner of UC Santa

Cruz
�

• Tanner
�

 considered LDPC codes (and a generalization) and

showed how they may be represented eff ectively by a so-

called ba ipartite graph, now call a Tanner graph

Definition  a bipartite gr aph is a graph  (nodes or  vertices

connected a by undirected edges) whose nodes may be separated

into two
�

 classes, and where edges may only connect two nodes

not resid� ing in the same class
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• the 



two classes of nodes in a Tanner graph are the (code bit

nodes (or variable nodes) and 
�

the check nodes ( or function

nodes)

• the 



Tanner graph of a code is dr awn according to  the

following ru
�

le:

check�  node j is connected to bit node i

whenever � element Hji
�  in H is a 1

• one � may deduce from this that there are m = n-k check nodes

and n bit nodes

• further, the m rows of H specify the m check node

connections, � and the n columns of H specify the n bit node

connections�
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Example  (10, 5) block code with Wc = 2 and Wr�  = Wc(n/m) =4.
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H

• observe thc at nodes c0, c1, c2, and c3 are connected to node f0 in

accordance with the fact that in the first row of H, h00 = h01 =

h02 = h03 = 1 (all others equal zero)

ca 2 ca 3ca 0 ca 1 ca 4 ca 6ca 5 ca 8ca 7 ca 9

f0 f1 f
�

2 f3 f4
�

checka
nodes�

bit
�
nodes
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• (for convenience, the first row and first column of H are

assigned an index of 0)

• observe an�  analogous situation for   f1, f2, f 3, and f4.

• thus, as 



follows from the fact that 0
�

=TH
�

c  ,  the bit values

connected � to the same check node must sum to zero

========

• note } that the Tanner graph in this example is regular: each bit

node is of degree 2 (has 2 edge connections and each check

node is of degree 4)

• this is 



in accordance with the fact that Wc = 2 and Wr = 4

• we also see from � this why Wr =Wc(n/m) for regular LDPC

codes:�

(# bit nodes) (bit node degree) = nWc

                   must equal

(#check nodes) (check node degree) = mWr
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Definition
¡

 a cycle of length l in a Tanner graph is a path

comprising a l edges which closes back on itself

• the 
�

Tanner graph in the above example possesses a length-6

cya cle as made evident by the 6 bold edges in the figure

Definition  the girth of a Tanner graph is the minimum cycle

length of the graph

• the shortest possible cy
�

cle in a bipartite graph is clearly a

length-4 cycle

• length-4 cycles manifest themselves in the H matrix as four

1’s that lie on the corners of a submatrix of H:
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• length-6
�

 cycles are not quite as easily found in an H matrix:

     a«    b
¬

   cA
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t

s
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• we are�  interested in cycles, particularly short cycles, because

they



 have a negative impact on the decoding algorithm for

LDPC codes as will  be made evident below

r s² t

a« b
¬
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Encoding

• as indicated above, once H is generated, it may be put in the

form 
�

]
³~

[
~

I
´

P
µ

H
¶ T

· ¸
=  from which the systematic form of the

generator matr¹ ix is obtained:

[ ]P
º

I
»

G ¼=

• encoding½  is performed via

[ ] ,PuuGuc! ¾==

although this is more complex than it appears for capacity-
approaching LDPC codes (n large)

Example
¿

  Consider a (10000, 5000) linear block code.  Then

[ ]P
º

I
»

G À=  is 5000 x Á 10000 and P is 5000 x Á 5000. 
Â

 We may

assume that the density of ones in P is ~ 0.5.

⇒  there are ~ 0.5(5000)2 = 12.5 x 106 ones in P

⇒  ~ 12.5 x 106 addition (XOR) operations are required to
encode one codeword½

=========
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• Richard
Ã

 and  Urbanke (2001) h ave proposed a lower

complexity�  encoding technique based on the H matrix (not to

be discussed h
Ä

ere)

• an alternative approach to simplified encoding is to design the

LDPC 
�

code v ia alg ebraic, geometric, or  combinator ic

methodsÅ

• such “structured” codes lend themselves to simple encoders
based on shif

Ä
t-register circuits

• since they are simultaneously LDPC codes, the same
decoding

�
 algorithms apply

• LDPC codes based on cyclic codes will be briefly discussed
late

�
r
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Selected Results

• we present herJ e selected performance curves from the

liter
Æ

ature to demonstrate the efficacy of LDPC codes

• the p
�

apers from which these plots were taken are listed in the

referenÇ ce section at the end of the note set

• we indicate J the paper each plot is taken from to ensure proper

credia t is given
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MacKa
È

y (March 1999, Trans IT)

• MacKay
É

 (and others) re-invented LDPC codes in the late

1990’s

• here are selected figures from his paper (see his paper for

code � construction details; h is codes ar e r egular or  nearly

regular)l
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MacKay (cont’d)Ê
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Irregu
Ë

lar LDPC Codes

• our � discussions above favored regular LDPC codes for their

simplicity, although we gave examples of irregular LDPC

codes�

• recall an LDPC code is irregular if the number of 1’s per

column of H � and/or the number of 1’s per row of H is allowed

to var



y

• in terms of the Tanner graph, this means that the bit node

degree and
�

/or the check node degree is allowed to vary (the

degree of 
�

a node is the number of edges connected to it)

•  a number of researchers have examined the optimal degree

distribution
�

 among nodes:

- MacKay
É

, Trans. Comm., October 1999

- Lub
�

y, et al., Trans. IT, February 2001

- Richardson, et al., 
Ã

Trans. IT, February 2001

- Chung, et 
Ì

al., Comm. Letters, February 2001
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• the 
�

results have b een spectacu lar, with  performan ce

surpassing the best turbo codes

Richardson et al. Irregular Codes

• the p
�

lots below are for a (3, 6) – regu lar LDPC code, an

optimizedc  irregular LDPC code, and a turbo code

• the 
�

code parameters are ½ (106, ½ 106) in
^

 all cases
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Richardson et al. (cont’d)Í

• plot b| elow: turbo codes (dashed) and irregular LDPC codes

(solid); for block lengths of n=103, 104, 105, and 106; all rates

are ½
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Chung et al. Ir regular LDPC Code

• the p
�

lot below is of two separate ½ (107, 12/ 107) 
^

 irr egular

LDPC codes
Î
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Kou et a
Ï

l. LDPC Codes (GlobeCom 2000 , a lso Trans. IT

2001)

• various LDPC codÐ es based on Euclidean geometries (EG) and

Projective geometries (PG)
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Kou et al. (cont’d)Ê
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Kou e
Ï

t al. (cont’d)Í


